The application of using industrial robots in hybrid manufacturing is promising, but the heavy external load applied on robot system, including the weight of deposition extruder or the cutting force from machining process, affects the operation accuracy significantly. This paper proposed a new method for helping robot to find the best position and orientation to perform heavy duty tasks based on the current system stiffness. By analyzing the robot kinematic and stiffness matrix properties of robot, a new evaluation formulation has been established for mapping the trajectory's stiffness within the robot's working volumetric. The influence of different position and orientation for hybrid manufacturing working path in different scale has been discussed. Finally, a visualized evaluation map can be obtained to describe the stiffness difference of a robotic deposition working path at different positions and orientations. The method is important for improving the operation performance of robot system with current stiffness capability.
INTRODUCTION
Serial industrial robots are mainly used in industry for tasks that require good repeatability but not necessarily good global position and orientation accuracy of the robot end effector. For example, these robots are generally used for pick and place, painting and welding operations. These kind of tasks do not apply much external load or force on the robot system, the stiffness of robot system itself is sufficient to satisfy these operations' accuracy requirements. With the development of automation technology, the scope of applications using industrial robots is getting wider and wider. The potential applications of industrial robots in hybrid manufacturing, which usually involve both robot deposition process and robot machining process, have been gaining worldwide attention from researchers. But the external load from hybrid manufacturing process applied on robot system, including the weight of fused pellets extruder for deposition process and the cutting force from metal machining process, is much larger than common tasks for robot. Thus, to perform these operations, the robots must show good kinematic and elastostatic performance.
Some research works discuss the following: (i) tool path optimization considering both kinematic and dynamic robot performance [1] [2] [3] [4] ; (ii) the determination of optimal cutting parameters to avoid tool chattering [5] [6] [7] ; (iii) robot stiffness analysis [8] ; and (iv) the determination of robot performance indices [9] [10] [11] [12] .
*Address correspondence to this author at the Department of Mechanical and Aerospace Engineering, Missouri University of Science and Technology, Rolla, MO, 65409; Tel; +1-573-612-8669; E-mail: zwc4b@mst.edu Robot stiffness is also a relevant performance index for robot machining [13] . Accordingly, this paper discusses the stiffness modeling of serial robots and identifies their stiffness parameters. Some stiffness models can be found in the literature for serial and parallel manipulators [14] [15] ; however, the identification of stiffness parameters has yet to be determined. Two methods were presented by Abele et al. [16] to obtain the Cartesian stiffness matrix (CaSM) of a five-revolute robot. The first method consists of clamping all of the joints except one to measure its stiffness. The second method measures the displacements of the robot end-effector due to certain applied loads and evaluates the robot Cartesian stiffness matrix throughout its Cartesian workspace with some interpolations.
In addition to the study of dynamic stiffness (which is useful for vibration and stability problems), the study of robot rigidity can be performed through the analysis of static stiffness maps. Static stiffness maps can be used to assess the level of positioning error for a given production task, i.e., for a given type of loading condition [17] [18] [19] . They can also be used to compare different architectures or configurations. A few studies in the literature provide the stiffness maps of industrial robots. Using the virtual joint method, Gosselin [20] provided stiffness maps with the aim of setting a tool for the computer-aided design of a planar 3-DOF parallel manipulator and a spatial 6-DOF parallel manipulator. Majou et al. [21] identified the stiffest areas in the workspace of the Orthoglide, which is a three-axis translational parallel kinematic machine, by analyzing its stiffness maps for a specific machining task. Ruggiu [22] mapped the stiffness of a translational parallel mechanism using a general formulation based on the development of the principle of virtual work. Pinto et al. [23] used MSA, finite element method (FEM), and experimental measurements for the stiffness mapping of a Daedalus I, and concluded that volume FEM was more precise but leads to long calculation times.
The research objects of the above studies focus on robot stiffness parameter identification or stiffness distribution in robot working volume. This paper provides a new concept of viewing robot stiffness mapping problem, this method takes the turning points of working path into consideration, by analyzing robot kinematic and the property of robot cartesian stiffness matrix, establish an evaluation formualtion to describe the difference of trajectory stiffness at different position and orientation. The paper will first introduce the mathematics foundation of robot jacobian matrix and how solve the jacobian matrix for a 6 DOF industrial robot, then based on two reasonable assumptions establish the stiffness model of serial manipulator and trajectory stiffness evaluation formualtion, finally apply the proposed method on a specific typical zigzag working path, find out the best position and orientation to perform this in the robot working volume and discuss how the size of working path affect the stiffness mapping analysis.
KINEMATIC JACOBIAN OF ROBOT
The Jacobian matrix is the matrix of all first-order partial derivatives of a vector-valued function. Suppose there are following multivariate functions:
(1) x 1 ... x 6 are the independent variables of f i , y i is the dependent variable of f i . It can be written in vector form as:
The multiple variables' first derivative of functions can be solved from equation (2.1):
It can be written in vector form as:
Make J = !F !X , thus J is the jacobian matrix to illustrate the mapping relationship between dY and dX:
Assume the movement function of robot is:
x is the vector representing the position and orientation of robot's end effector, q is the vector representing the angle value of each joint. From equation (2.5), the jacobian matrix of robot J(q) is:
Or it can be written in matrix form as:
SOLVE THE JACOBIAN MATRIX OF ROBOT
The Nachi Robot (SC300F-02) is used as an illustrate example throughout this paper. It has a 4.1 m 2 (cross-section area) operating area and a 300 ! rotation range for the base motor (Figure 1) , which could provide a much bigger working envelope than any current hybrid manufacturing system. The 6-axis movement mechanism makes the deposition/machining process more flexible in building a model with complex features. The sixth link carrying the operation point P is connected to the base frame through a serial chain composed of six-revolute joints. The kinematic chain of Nachi Robot (SC300F-02) is shown in Figure 2 . But one thing needs to be noticed is that at current posture, the joints value displayed on the robot's touchpad is 0 
Start at joint 1, z 0 represents the first joint, which is the base revolute joint, x 0 is chosen to be the same direction as the reference frame x-axis of the robot controller, this is done for convenience to verify the correctness of the D-H model. x 0 is a fixed field axis, it represents the base of the robot. Next, z 1 is assigned at joint 2. x 1 will be normal to z 0 and z 1 , because these two axes are intersecting. x 2 will be in the direction of the common normal between z 1 and z 2 . x 3 is in the direction of the common normal between z 2 and z 3 . In order to ensure the solvability of the inverse kinematic of robot, z 4 , z 5 and z 6 are assigned at the same origin point. Normally, the end effector is not included in the equations of motions, but it can be represented by an additional line in the D-H parameters table. In the case, the tip point of end effector physically represents the center point of the fixing plate of the joint 6, it is also as the same as the coordinate value that indicated on the robot's touch pad.
According to these assigned coordinate frames, the parameters of D-H model can be filled out in Table 1 . Notice that the rotations are measured with the righthand rule. The curled fingers of your right hand, rotating in the direction of rotation, determine the direction of the axis of rotation along the thumb. T n represents the transformation matrix of end effector frame relative to the base frame of a n degree of freedom series robot. The position and orientation of an arbitrary point n p = p x p y p z ! " # $ on the end effector can be described in the robot base coordinates frame as following:
For a robot which structure has been determined, according to D-H model table, link length a i , link off set d i , and link rotation angle ! i are all known parameters, ! i are the variables changing with the movement of the robot. Thus, the equations of forward kinematic can be written as: (10) For the Nachi robot, there are 6 joints, the transformation between each two successive joints can be written by simply substituting the parameters from the 
T 6 is a 4 ! 4 homogeneous matrix, the forward kinematic solution of Nachi Robot it can be written as following: (17) Or it can be written in a lite form: (18) Each element in the Jacobian is the derivative of a corresponding kinematic equation with respect to one of the variables. Referring to Equation (2.8), the first element in ! x is dx. This means the first kinematic equation must represent movements along the x-axis, which, of course, would be p x . In other words, p x expresses the motion of the hand frame along the xaxis, and thus, its derivative will be dx. The same will be true for dy and dz. Considering the n , o , a , p matrix, the corresponding elements of p x , p y , p z can be picked and be differentiated to get the dx, dy and dz. However, since there is no unique equation that describe the rotations about the axes, thus there is no single equation available for differential rotations about the three axes, namely, ! x , ! y and ! z . As a result, these have to be calculated differently.
Actually, it is a lot simpler to calculate the Jacobian relative to T 6 , the last frame, than it is to calculate it relative to the first frame. The velocity equation relative to the last frame can be written as:
x is the vector representing the position and orientation of robot's end effector in last frame, ! q is the vector representing the angle value of each joint. This means that for the same joint differential motions, premultiplied with the Jacobian matrix relative to the last frame, the operation point differential motions relative to the last frame can be obtained. One can calculate the Jacobian with respect to the last frame using following formation steps:
The differential motion relationship of equation can be written as (20) (2) Assuming that any combination of A 1 , A 2 ,...A n can be expressed with a corresponding n, o,a, p matrix, the corresponding elements of the matrix will be used to calculate the Jacobian. 
For column 1, use
For column 2, use
For column 3, use
For column 4, use
For column 5, use
For column 6, use 5 T 6 = A 6
FORCE JACOBIAN MATRIX OF ROBOT
When an external load applied on the robot end effector, if the robot system is in equilibrium state, the driving force generated by each joint should be balance with the external load. The external load can be written
T , so called the generalized end effector force vector. Revolute joint provides driving torque, prismatic joint provide drive force. For the Nachi Robot, the driving torques provided by the six revolute joints are ! 1 ,! 2 ,...! 6 , these can be written as:
So called the generalized joint force vector.
According to the principle of virtual work, make the virtual displacement of each joint is dq, the virtual displacement of end effector is dX, thus the sum of virtual work by each joint force is: (23) The virtual work by end effector force is:
According to the sum of virtual work should be zero, thus:
(25) From Equation (2.1), there is:
From Equation (3.4) and (3.5), there is:
( ) is force Jacobian matrix of robot, when the robot system is in equilibrium state, it represents the mapping relationship between external load and joint force. It is also the transposed matrix of Jacobian matrix.
CARTESIAN STIFFNESS MATRIX FORMULATION OF ROBOT SYSTEM
The robot system stiffness refers to the ability of resist to deformation, especially the displacement of end effector, when robot subjected to external robot.
Make external load as F = fx ! fy ! fz !nx ny nz [ ] r , the tiny displacement of end effector subjected to external
When displacement is small enough, there are linear relationship between these two: F=KdX. It can be written in matrix form:
F is the external load applied on end effector relative to the base coordinate frame of robot, it contains the force and torque in three degrees of freedom. dX is the displacement of the end effector relative the base coordinate of robot, it contains the translation and rotation in three degrees of freedom. Both of these are 6-dimensinal vectors. K is 6 ! 6 matrix, it is the cartesian stiffness matrix of robot system.
The cartesian stiffness matrix of robot system depends on robot's configuration, link stiffness, control loop stiffness and the actuators' mechanical stiffness. For the slim and long structure, like the repair manipulator applied in space station, the deformation of link is the main factor that affect the robot stiffness. The components of transmission system, like the gears, belt and shaft, will be deformed under driving force. Especially, when the transmission line is long, these deformations could be accumulated and coupling with each other.
Because the deformation and stiffness properties are distributed in the robot system, and the statistical data shows that 70% or higher of deformation is come from the insufficient stiffness of driving and transmission system for the industrial robot. Thus, assume the deformation concentrate on the joints is reasonable. In this paper, the links of robot are assumed to be rigid, the damping is neglected and the stiffness of the joints is represented with the linear torsional springs, the coefficient of elasticity is k qi , so called the joint stiffness, as shown in Figure 5 . The reciprocal of k qi is C qi , so called the flexibility. For a 6 DOF robot, k q is the diagonal joint stiffness matrix defined as follows:
(29) For a n DOF robot, assume the stiffness of each joint is k qi i = 1,2,...,n ( ) , the displacement of end effector is dX which subject to the external load F, the angle changing of each joint is d qi i = 1,2,...,n ( ) , there is:
! i is torque on each joint, it is due to the elastic deformation of the robot system.
This can be written in matrix form as:
In the above equation
Make the robot system stiffness equivalent to each joint, the mapping relationship between joints stiffness and end effector stiffness can be established, the derivation process as following:
From the jacobian matrix of robot, there is:
From the force jacobian matrix of robot, there is:
From equation (3.10) and equation (3.12) , there is:
From equation (3.11) and equation (3.13), there is: 
Thus: (38) is the end effector stiffness matrix, derivation is completed.
The stiffness matrix K(q) or flexibility matrix C(q) represents the linear relationship between the external load applied on end effector and the displacement of end effector, and these matrixes change with the changing of robot's position and orientation. As can be seen from the elements in stiffness matrix, the force of one direction not only cause the deformation on this direction, but also cause the deformation in other directions. For example, the diagonal element k 22 in stiffness matrix represents the f y caused by d y on y direction, the non-diagonal element k 62 in stiffness matrix represents the n z caused by d y on z direction.
ROBOT TRAJECTORY STIFFNESS EVALUATION FORMULATION
The zigzag path is a typical trajectory for robotic hybrid manufacturing as shown in Figure 6 . One layer of this kind path could work for machining or milling process, multiple layers of that could be used as a deposition working path. When robot carry the deposition extruder or machining tools moving along the straight line segments, the operation speed usually is set at a constant value, the robot system is in equilibrium state. But when the robot moves to the turning points in the trajectory, the end effector often accompanied with intensely changing of acceleration in different directions. The initial cutting force or inertia of heavy deposition equipment in directions of acceleration changing will cause unbalanced force on the robot system, so the robot demands higher stiffness property at these turning points positions.
As mentioned in the previous section, the robot joint stiffness matrix K q is a diagonal matrix, so K q = K q T , simultaneous this with equation (3.17), there is:
This is the symmetry property of K(q), which is k ij = k ji , it illustrates that if the force in j direction can cause a unit deformation in i direction, then the same force in i direction can cause a unit deformation in j direction. The non-diagonal elements in K(q) represents the coupling relationship between the force and displacement in different direction. When the nondiagonal element equal 0, which means there is no coupling relationship between these two directions. For example, when there is no coupling relationship between the force and displacement in x and y direction, then there is k 12 = k 21 = 0.
In addition, K(q) is a positive-definite matrix, simultaneous with it symmetry property, the diagonal elements and the principal minor determinant of each order are more than 0, this can be written as: (40) According to the analysis of K(q)'s properties, and notice that the stiffness matrix is changing when robot at different position and orientation, an evaluation formulation can be created to illustrate the difference of trajectory's stiffness performance at different position and orientation within robot working envelop:
(41)
SIMULATION: STIFFNESS MAPPING OF A ROBOTIC HYBRID MANUFACTURING WORKING PATH
The initial motivation of applying robot in hybrid manufacturing is overcome the building size limitation of conventional CNC machines. Figure 7 show a schematic of the fused pellets deposition (FPM) extruder installed on the Nachi robot, this equipment can realize deposit large scale part in a relatively short period. But the weight of the FPM extruder is over 500lb, this is an external load cannot be ignored during operation. Thus it is necessary use trajectory stiffness evaluation method to help planning the working path. within the x range is from -500 to 500, y range is from -1200 to -1800, z range is from 800 to 1400, in robot system coordinate. The dimension of deposition zigzag path is 100mm ! 100mm ! 30mm , layer thickness is 10mm, track width is 20mm and overlap is 0.3, thus there are 45 testing cube areas within robot working envelop, as shown in Figure 9 .
Secondly, set the orientation angle for these trajectories, start from x-axis positive direction, rotate about z-axis counterclockwise, take the angle value as 0 ! ,60 ! ,120 ! ,180 ! ,240 ! , 300 ! , respectively. Then apply the trajectory stiffness analysis process to these zigzag 
trajectories which at different positions and with different orientations, the results are shown in Table 2 .
As can be seen from Table 1 , for the same angle group, the position affects the trajectory stiffness obviously. But for the same position with different angle, the evaluation result is close, take the maximum value position 31 as example, the difference between max and min is only 0.37%. Moreover, the rank of evaluation result in different angle group is the same. This leads to the stiffness trajectory mapping result is the identical for these 6 groups, as shown in Figure 10 . The color of cube is assigned as the normalized evaluation values. The higher of the evaluation result is, the better stiffness can be obtained at this position. So the best position to perform this task is at the center point of [500, -1200, 1000].
The reason of this result is the size of the deposition part. The stiffness property of robot is distributed unevenly within its working envelop, the larger of the task's operation range, the more different stiffness area the robot will cross. For the small scale working path, in macro view, most turning points are concentrated within a small area, even with the changing of working path's orientation, the gesture of robot manipulator did not change a lot. Thereby, it is more meaningful to discuss how the orientation affect a large scale working path's stiffness performance, this is also the initial goal of applying robot in hybrid manufacturing.
Take a large size deposition task as example, the dimension of deposition zigzag path is 800mm ! 800mm ! 500mm , layer thickness is 10mm, track width is 20mm and overlap is 0.3, thus there is only one center point option for this trajectory: [0, -1600, 800]. Then set the orientation angle for these trajectories, start from x-axis positive direction, rotate about z-axis counterclockwise, take the angle value as 0 ! ,60 ! ,120 ! ,180 ! ,240 ! , 300 ! , respectively. The stiffness evaluation result for this task is shown in Figure 11 . The difference between maximum value and minimum value is 14%, much more obvious than the small size working path. The higher of the evaluation result is, the better stiffness can be obtained at this orientation. So the best orientation to perform this task is 60 ! .
CONCLUSION
The subject of this paper was to develop a new methodology for finding the best position and orientation to perform heavy duty tasks based on the current robot system stiffness capability. Firstly, the definition of jacobian matrix was introduced, and the Nachi Robot (SC300F-02) was used as an illustrate example throughout this paper. The detail process of solving robot jacobian matrix was presented, and the force jacobian matrix also has been derived according to the concept of virtual work. Based the on the assumptions of the link of industrial robot is rigid and all the deformation are concentrated at joints, the stiffness model of serial manipulator was developed. Then the robot stiffness matrix was derived from the robot jacobian matrix and robot joint stiffness matrix. By analyzing the robot kinematic and the properties of robot stiffness matrix, a new evaluation formulation has been established for mapping the trajectory's stiffness within the robot's working volumetric. A trajectory stiffness simulation analysis system was developed for discussing the stiffness difference of a robotic deposition working path at different positions and orientations. The simulation results revealed that for the small size working path, in macro view, most turning points are concentrated within a small area, position is the main factor that affect the stiffness performance of this specific task. But for the large scale working path, the orientation of trajectory would affect the distribution of turning pointing a lot, thus lead to a great difference of stiffness performance. Moreover, this method not only benefits the application of using robot in hybrid manufacturing process, it is also important for improving the operation performance when robot is applied in other heavy duty task situation.
